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ABSTRACT
The optimal power flow (OPF) problem seeks to control the
power generation/consumption to minimize the generation
cost, and is becoming important for distribution networks.
OPF is nonconvex and a second-order cone programming
(SOCP) relaxation has been proposed to solve it. We prove
that after a “small” modification to OPF, the SOCP relax-
ation is exact under a “mild” condition. Empirical studies
demonstrate that the modification to OPF is “small” and
that the “mild” condition holds for all test networks, includ-
ing the IEEE 13-bus test network and practical networks
with high penetration of distributed generation.
Categories and Subject Descriptors: J.2 [Physical Sci-
ence and Engineering]: Engineering
Keywords: optimal power flow, second-order cone pro-
gramming, exact convex relaxation
1. INTRODUCTION
The optimal power flow (OPF) problem seeks to control
the power generation/consumption to minimize the genera-
tion cost. It is becoming increasingly important for distri-
bution networks due to the advent of distributed generation
and controllable loads such as electric vehicles.
OPF is nonconvex, and a second-order cone programming
(SOCP) relaxation has also been proposed to solve it for
tree networks [1]. If solution of the SOCP relaxation is fea-
sible for OPF, then the solution is also optimal for OPF. In
this case, the SOCP relaxation is called exact. Up to date,
sufficient conditions that have been derived in literature for
the exactness of the SOCP relaxation do not hold in prac-
tice, and whether the SOCP relaxation is exact can only be
checked after solving it.
We study exactness of the SOCP relaxation in this paper.
In particular, contributions of this paper are twofold.
First, we modify OPF by imposing additional constraints
on power injections. Remarkably, only feasible points that
are “close” to the voltage upper bounds are eliminated, and
then the SOCP relaxation is exact under a “mild” condition
C1. C1 can be checked prior to solving the SOCP relaxation,
and holds for all test distribution networks considered in this
paper, including the IEEE 13-bus test distribution network
and practical distribution networks with high penetration of
distributed generation. Empirical studies demonstrate that
the modification to OPF is “small” for the same set of test
networks.
Second, we prove that the SOCP relaxation has at most a
unique solution if it is exact.
2. THE OPF PROBLEM
A distribution network is composed of buses and distribu-
tion lines connecting these buses, and has a tree topology.
There is a substation in the network, which has fixed volt-
age and flexible power injection for power balance. Index
the substation bus by 0 and the other buses by 1, . . . , n.
Let N := {0, . . . , n} denote the set of all buses and define
N+ := N\{0}. Each line connects an ordered pair (i, j) of
buses where bus j is in the middle of bus i and bus 0. Let
E denote the set of all lines and abbreviate (i, j) ∈ E by
i→ j. If i→ j or j → i, denote i ∼ j.
For each bus i ∈ N , let Vi denote its voltage and Ii denote
its current injection. Specifically, the substation voltage,
V0, is given and fixed. Let si = pi + iqi denote the power
injection of bus i. Specifically, s0 is the power that the
substation draws from the transmission network for power
balance. Let Pi denote the path from bus i to bus 0.
For each line i ∼ j, let yij = gij − ibij denote its admit-
tance and define zij = rij + ixij := 1/yij .
Bus 0 Bus j Bus i
Vi
Pi
yij
si Ii
Vj
Figure 1: Some of the notations.
Some of the notations are summarized in Fig. 1. Further,
a letter without subscript denotes a vector of the correspond-
ing quantity, e.g., V = (V1, . . . , Vn), y = (yij , i ∼ j). Note
that subscript 0 is not included in nodal variables.
We can now formally state the OPF problem
min
∑
i∈N
fi(Re(si)) (1a)
over s, V, s0
s.t. si = Vi
∑
j: j∼i
(V ∗i − V ∗j )y∗ij , i ∈ N ; (1b)
si  si  si, i ∈ N+; (1c)
|Vi| ≤ |Vi| ≤ |Vi|, i ∈ N+ (1d)
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where fi is generation cost at bus i for i ∈ N and V0, y, s, s,
|V |, |V | are externally specified constants. We assume that
f0 is strictly increasing.
The objective function (1a) is the generation cost, equa-
tion (1b) is the physical law that power flow abides, equation
(1c) is constraints on power injections, and equation (1d) is
constraints on voltages. In practice, the control variable is
s, after specifying which the other variables s0, V are deter-
mined by physical laws in (1b).
The challenge in solving OPF comes from the nonconvex
constraints (1b). To overcome this challenge, it is proposed
to relax OPF to convex problems. To state the relaxation,
first transform OPF to the following form for tree networks.
min
∑
i∈N
fi(Re(si))
over s,W, s0
s.t. si =
∑
j: j∼i
(Wii −Wij)y∗ij , i ∈ N ; (2a)
si  si  si, i ∈ N+; (2b)
|Vi|2 ≤Wii ≤ |Vi|2, i ∈ N+; (2c)
Rank(W{i, j}) = 1, i→ j (2d)
where W := (Wij , i ∼ j or i = j) and
W{i, j} :=
(
Wii Wij
Wji Wjj
)
, i ∼ j.
We can then relax OPF to a second-order-cone program-
ming (SOCP) relaxation [1].
min
∑
i∈N
fi(Re(si))
over s,W, s0
s.t. (2a)− (2c);
W{i, j}  0, i→ j.
Definition 1 The SOCP relaxation is exact if every of its
solutions satisfies (2d).
If the SOCP relaxation is exact, then a global optimum of
OPF can be found by solving the convex SOCP relaxation.
3. A MODIFIED OPF PROBLEM
The SOCP relaxation for OPF is not always exact in prac-
tice. Hence, we propose a modified OPF problem, which will
be shown to have an exact SOCP relaxation under a “mild”
condition. The modified OPF problem OPF-m is
min
∑
i∈N
fi(Re(si))
over s,W, s0
s.t. (2a), (2b), (2d);
|Vi|2 ≤Wii, W linii (s) ≤ |Vi|2, i ∈ N+ (3)
where W linii (s) := W00 + 2
∑
(j,k)∈Pi Re
(
z∗jkS
lin
jk (s)
)
for i ∈
N+.
The “mild” condition for the exactness of the SOCP relax-
ation for OPF-m is provided in Theorem 1. To state the the-
orem, define P linij (p) :=
∑
k: i∈Pk pk, Q
lin
ij (q) :=
∑
k: i∈Pk qk
for i→ j, and let p := Re(s), q := Im(s).
Theorem 1 The SOCP relaxation for OPF-m is exact if
a1jrij > a
2
jxij , a
3
jrij < a
4
jxij , i→ j, (4)
where
a1i :=
∏
(j,k)∈Pi
(
1− 2rjk
[
P linjk (p)
]+
|Vj |2
)
,
a2i :=
∑
(j,k)∈Pi
2rjk
[
Qlinjk (q)
]+
|Vj |2
,
a3i :=
∑
(j,k)∈Pi
2xjk
[
P linjk (p)
]+
|Vj |2
,
a4i :=
∏
(j,k)∈Pi
(
1− 2xjk
[
Qlinjk (q)
]+
|Vj |2
)
for i ∈ N+.
Condition (4) can be checked in priori since it does not de-
pend on solutions of the SOCP relaxation. In fact, {akj , j ∈
N, k = 1, 2, 3, 4} are functions of (r, x, p, q, |V |) that can be
computed efficiently in O(n) time.
Condition (4) requires p and q be “small”. Fix (r, x, |V |),
then Condition (4) is a condition on (p, q). It can be verified
that if (p, q)  (p′, q′), then
(4) holds for (p′, q′) ⇒ (4) holds for (p, q),
i.e., the smaller power injections, the more likely (4) holds.
In particular, it can be verified that if (p, q)  (0, 0), i.e.,
there is no distributed generation, then (4) holds.
As will be shown in Section 4, Condition (4) holds for all
test networks, even those with big (p, q). Hence, (4) should
hold widely in practice.
If solution of the SOCP relaxation is unique, then any
convex programming solver gives the same solution.
Theorem 2 The SOCP relaxation has at most a unique so-
lution if it is exact.
4. CASE STUDIES
We have checked that 1) the feasible sets of OPF and
OPF-m are close, and 2) C1 holds, for all test networks con-
sidered in this paper, including the IEEE 13-bus test net-
work [2] and two practical networks with high penetration
of distributed generation [3, 4].
5. CONCLUSION
We have proved that the SOCP relaxation for a modified
OPF problem is exact under a prior checkable condition C1.
Empirical studies demonstrate that the modification to OPF
is “small” and that C1 holds for all test networks.
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